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FIR Filter Implementation Based on the RNS with
Diminished-1 Encoded Channel
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Abstract—The nonrecursive digital filters implementation The selection of the moduli set plays a critical role in
based on the RNS arithmetic is presented in this paper. In this the improvement of the performance of RNS FIR filters [5].
implementation popular moduli set {2" — 1,2",2" + 1} with  The moduli set{2" — 1,27, 2" + 1} is used to design RNS

diminished-one (diminished-1)2" + 1 encoded channel is used. FIR filt in thi for the followi - firstl
The diminished-one number system is used to avoidn + 1)-bit iters i this paper for the loflowing reasons. Nrstly,

circuits in (2" + 1)-bit channel. Thus, in proposed approach all it provides simpler design for converters; secondly, we can
operand have n-bit length. The proposed RNS architecture of utilize the dedicated hardware multipliers on FPGA platforms

the filter consists. of thlree main blocks: forward and reverse tg implement multiplications with acceptable cost for normally
converter and arithmetic processor for each channel, where encoded RNS channel; thirdly, since it is the most commonly

binary operations perform. Architecture for residue to binary d . . K ina thi duli set K
(reverse) convertor with diminished-1 encoded channel and ar- YS€U ONE IN Previous works, using this modull Set makes our

chitecture for modulo multiplication have been proposed. Besides, WOrk applicable to the most existing designs.
for all RNS channels, the systolic design is used for the efficient The diminished-1 representation of binary numbers was

refali;ation of .FI.R.fiIter. A ngmericql examplg illustrates the introduced in [6] to speed up the modul®® + 1) arithmetic
principles of diminished-1 residue arithmetic, signal processing, perations. Since only bits are required for the representation
and decoding for FIR filters. of any digit in RNS, the diminished-1 representation can lead

Keywords—Chinese remainder theorem, diminished-one, FIR to implementations with delay and area that approach to delays
filters, residue number system, reverse converter. and areas of the modul®” — 1) and 2" representations.

A lot of papers on the design of modul@™ — 1) adders
and multipliers for diminished-1 operands have already been
published [7], [8], [9], [10]. However, special treatment is

In many digital signal processing systems, finite impulgequired for operands equal to zero. Since this can lead to
response (FIR) digital filters are frequently used becauteplementations with increased area and delay complexity,
of their stability and linear phase property. On other hanthe efficient integration of zero handling into modyy* + 1)
they are not suitable for recent applications demanding rearithmetic units is an open problem.
time performance and low power consumption. The demandAn RNS-based architecture of the filter consists of three
for real-time digital signal processing with respect to powenain blocks. As first, all operands are converted into their
consumption has forced the researchers to look for efficie¢arresponding sets of residues with binary-to-residue (forward)
arithmetic algorithms, which can implement high speed digitabnverters, according to the specified moduli set. Then, the
signal processor units. The systems based on Residue Nunéséhmetic processing is performed in parallel in each channel
System (RNS) have become the most popular as they tdkBowing the corresponding modulo arithmetic. Finally, the
advantage of all the benefits given by the parallelism and tRNS representation of the results is converted back to binary
carry free computations. with residue-to-binary (reverse) converters.

Filter realizations using Residue Number System (RNS)Forward converters for RNS with diminished-1 encoded
have been investigated in literature [1][2][3][4]. RNS is suitchannel are proposed in [11], while modyl®" + 1) adder
able for implementation of high-speed digital signal processifjchitectures for diminished-1 operands with integrated zero
due to their inherent parallelism, modularity, fault toleratiofandling are proposed in [12], and mod{#y +1) multipliers
and local carry propagation properties. Arithmetic operatiof@’ diminished-1 operands including zero indication bits are
like multiplication and addition can be carried out more effiProposed in [13].
ciently as RNS ensures localized carry propagation propertiesThis paper proposes a new approach to FIR filters design
RNS is particularly suitable for implementing FIR filters wher®ased on the RNS with diminished-1 encoded channel and also
multiplications and additions are the core operations. Theaghitecture for the reverse converter for RNS with diminished-
features make RNS beneficial for digital signal processidgencoded channel.
applications, particularly, when large word length and high Organization of the paper is as follows; after recalling the
throughput rate are required. diminished-1 arithmetic in Section Il, the architecture of N-th

order recursive digital filter is presented in Section llI.
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to represent the numbe&” = (—1)s.,1. To overcome the  Only one CSA (carry save adder) and one full mod@lo+

problem of performing binary arithmetic with this additionall) adder are required for the diminished-1 mod(®¥ + 1)

bit, a modified binary number system is used in order to avoRNS converter [11].

additions and multiplications involving the additional bit. This

allows the additional bit to be only 1 when the number to N " .

represented is 0, which can be achieved by subtracting 1 frbclgm Diminished-1 modulo (2 + 1) addition

the normal binary number. Ordinary addition in diminished-1 number system is per-
The normal representation and this diminished-1 represerf@imed as follows [14]:

tion are indicated in the Table | for = 4. When performing

S'=(a"+y +1)2np1. (4)
TABLE | Modulo (2" + 1) additi be realized b d d
CORRESPONDENCE BETWEEN NORMALBINARY AND DIMINISHED -1 odu O( + ) addition can be .I'eq 1ze y anen -arour? -
REPRESENTATIONS carry adder, where the carry-out is inverted and fedback into
the carry-in, i.e.c;, = ©Cou- This can be achieved with
Normal Binary  Diminished-1 two adders to prevent a combinational loop. The carry-out
0 00000 1 inversion logic does not work when both summands are equal
1 oooo1 2 to zero. Therefore an additional AND gate has to be added as
2 00010 3 : ) ”
3 00011 4 the control input for a multiplexer, which selects the correct
4 00100 5 outputz’ + ¢’ = 2™, whenz’ = ¢/ = 2™ [15].
> 88%2(1) g Diminished-1 modulg2” + 1) addition is now defined by:
7 00111 8
8 01000 9 (-8) .
9 (-8 01001 10 (-7) (@ 4/ +1)gnyr = {2” ifz=2"Ay=2"
10 (=7) 01010 11 (—6) "+l / A i
1 (6 owir 12 (-9 (' +y')any1 +1 otherwise
12 (-5) 01100 13 (—4) _ o (5)
13 (—-4) 01101 14 (-3) J.-L. Beuchat propose an alternative definition for modulo
14 (=3) 01110 15 (-2) (2™ 4 1) addition [16]. Let us define thén + 2)-bit integer
15 (-2) 01111 16 (-1) g _ = 4 Th dulo(2” + 1) addit
16 (—1) 10000 0O = Sn418n-..50 = 2’ 4+ y'. The modulo(2™ + 1) addition

can be expressed as:

arithmetic for mod(2™ + 1) using diminished-1 system, all (' 43/ +1)on 1 = (@' + 9 )2n i1+ 50112" +5n11 V 5n. (6)
input operands and the corresponding results are expressed in _ ) )
diminished-1 form. Letz’ be diminished-1 representation of Figure 1 depicts the resulting hardware operator which

normal binary numbes: € [0, 2"], namely requires carry-propagate adder, a NOR gate and incre-
menter [16].
SC/ = <ZZT — 1>2n+1. (1) z! y'
. . n+1 n+1
In (1), whenz # 0, 2’ € [0,2" — 1] is an n-bit number,
therefore (n + 1)-bit circuits can be avoided in this case. | IAdder
However, whenz = 0, ' = 2" is an (n + 1)-bit number. L
This leads to special treatment fof = 0. According to this 51 = Sp4+15nSn—1-..50
representation a numbef is represented as, X', wherex/, L n
is the zero indication bit an’ = «!,_,z!,_, ...z is the - 0 S = Smi1Sm_1...50
magnitude representation [12]. " il Ven
ntl Snt1 Sn—1 s0
. .. Sn+1 V Sn 1 ] ]
A. Binary to diminished-1 RNS convertor ‘G%‘G% _G%_
Incremente h .
With the diminished-1 encoded channel, a very efficient
binary to diminished-1 RNS converter is proposed for the nt v v v
{2" — 1,2" 2" + 1} moduli set [11]. An3n-bits integer Z=('+y +an i1 o1l oo 20
RNS P . .
X — (x1,z2,2%) in the dynamic range is represented as (@) (b)
3n—1 Fig. 1. The architecture of the modu(@™ + 1) adders for diminished-1
X = Z Xi2i = N222” + N12™ + No. (2) encoded channel (a). Carry propagation increment stage (b).
=0

As explained above, the diminished-1 representation usegffficient parallel VLSI di_minished—l structures for modulo
the modulo ofX — 1 instead ofX. Computation of the value (2" +1) two-operand addition have also been proposed re-

. . . . : ntly [9].
a4 for this representation, with an identical approach as L o .
standard2" + 1) channel, is performed as: _Valldlty of the above diminished-1 ad_d|t|on of twa + 1)
bit numbers, is demonstrated on following example.
Ié :<X — 1>2n+1 = <1 + No —|—N1 + N0>2n+1. (3) Let 2’ =16 andy’ = 10. Then
57
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' y
z' = | 10000 S2 = | 01010 l l
y' = | 01010 Sl Ven = 0 Torodoet t
S = | 011010 S =2 Ty +1] 01010 Partial products generator
ppo  pp1 pPp2 PP3 | o/ Y
Thus, S’ = 10, which can be verified to be trlie * * * * * *

| csA | | CsA |

C. Diminished-1 modulo (2™ + 1) multiplication

The diminished-1 multiplication is defined as [17], [14]:

Q' = ((@' x y)ani1 + 2" +y )ant1. (7

The modulo(2™ + 1) multiplication algorithm can be easily
adapted for the diminished-1 number representation of input
operands and output product. Thereby, the two additional
termsz’ andy’ have to be added in the modulo carry save
adder, resulting in small increasing of area and delay. The
special case of’y’ = 0 has to be treated separately and the
constant correction term be adapted.

The architecture of diminished-1 modul2™ + 1) multipli-
cation is presented in [17]. If the input residues &anet 1)
bits wide, the partial products for modud¥ + 1 multiple are
arranged as bits wide vectors. The partial product generation
for inputs of 5 bits width is shown in Table Il. Obviously,
4 bits z3zox129 are required for the representation nonzero

diminished-1 binary numbers. In this multiplication, the bits Q'
TABLE Il 4 Fig. 2. Architecture of modul@™ + 1 multiplier for diminished-1 encoded
PARTIAL PRODUCT GENERATION MOD2* + 1
channel
26 25 ot ] 23 22 ol 90 , , , , ,
X X X X
Toys woYh oYL ToYo = PPO oY ’ ! 0
— 1 4 1 1 1
T |evh st v =pm T T T
THYs THYy | THYY THYG ThYs Thy, = pp2
T3Yy TaYp TRYD |TYo T3Ys TpYh ThY) = Pp3 I—* . I—* . I—* . I—* .
xh xh x) x{) =z
Y S R 01 0 1 0 1 01
0 0 0 0 =COR

| Rotation3] | Rotation2| [ Rotation1| | Rotation0]

with weight greater tha@?®, which are to the left of the straight i‘l i‘l i‘l i‘l
line, are complemented and repositioned to the right of the o3 o2 om1 B0
line.

The architecture of proposed modld + 1 multiplier for Fi9- 3-  Partial products generator.

diminished-1 encoded channel is shown in Figure 2. Assuming
the coefficient word length of 4-bits and input sample word 2 Y3 Yo n Yo
length of 4-bits, in Fig. 2 is shown the hierarchical decom-
position of Wallace tree logic. The partial sum are added
by using five carry-save-adders (CSA) and modulo 17 adder |_|
which is realized as carry-propagate-adder with end-around- 01
carry. Partial product is generated in parallel. T2U3

The principle of the proposed memoryless-based implemen-
tation of partial product generator is shown in Fig 3. It consists
of n 2-to-1 multiplexers, where: is the input sample word

length. The partial product is generated by connecting zero pp2 Registe
and coefficient value to the MUX data inputs, input data bits
to the select input, and circular shifting of the MUX output Pp2

s — 1 bits to the left, forl < s < n. After circular shifting, rig 4 partial producpps generator.
s — 1 LSB bits are used as complement.

An implementation of the modulo 17 partial product gen-
erator forpps is shown in Figure 4. The small circles above

the register represent a complement of the input bit. Validity of the above diminished-1 multiplication of twb

bit numbers is demonstrated on following example. /et 9

18/ = (16 +10)17 +1 =10 andy’ = 10. Then
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1010x 1001 where
PPo =1 0 1 O
pp1 = 0 0 0 1 Yy — <(_22n71+2n71)x +(22n71+2n71)x _ongy >
pp2 = 0 0 1 1 3 2 1/ gon_q
pps = 0 0 1 0 9)
m: = 1 0 1 0 This operation does not need any computation because equa-
Y =1 0 01 tion (8) amounts to concatenation &f obtained in (9) with
COR = 0 0 0 O

z1 as LSBs.

The first carry-save-adder

Residue numbers is encoded in diminished-1 as; =
x4 + 1. Now let

ppo = 1 0 1 O

pp1 = 0 0 o0 1

pp2 = 0 0 1 1 A=(=2"21),,, ,, (10)

S = 1 0 0 O _/(92n—1 n—1

Ci =|_0 0 1 1 B _<(2 + 2 )I2>22n_15 (11)
1 C=((-2"""+2" M) (s + 1)) pon_,- (12)

The second carry-save-adder ) )

o o 0o 1 o To evaluated, B and C, the following property is used:
s 1 0 1 0 modulo (2° — 1) multiplication of a residue number b¥,
y = 1 0 0 1 where s and t are positive integers, is equivalent tobit
Sy = 0 0 0 1 circular left shifting.

Co =—1 0 1 O Assuming thatr, is expressed in bits, wheren the most
[
0 significant bits are zeros
The third carry-save-adder
S1 - 1 0 0 0 xr, = O 0...0171771,1.5617”,2 .o -Il.,() (13)
Cy = 0 1 1 1 n M
Sy = 0 0 0 1
Ss = 11 1 0 and
C3 =—0 0 0 1 - — —
l_ >1 A—l‘l,n_lxl,n_g...l'lﬁl 1...1 (14)
The fourth carry-save-adder " "
S3 = 11 1 0 where negative value of a number of mod@#s” — 1) is the
gz N 8 (1) é é one’s complement of that number.
Assuming thatn bit expression ofc, is given by:
Sy = 1 0 0 1
Ci =—0 1 1 0

: l_ >1 Tro = O O PN OI27n71$27n72 PN I270 (15)

The fifth carry-save-adder contains only half-adders since " n
COR = 0000. it follows that

Sy = 1 0 0 1
Cy = 1 1 0 1 B:I2700...0I27n,1...I271+0I21n,1...:EQ_’()OO...O
Ss = 0O 1 0 O n n—1 n n—1
05 =|_1 0 O 1
>0 =2202L2n—-1---L20T2n-1-.-T2]1 -
Finall n n—1
’ S5 = 0 1 0 O (16)
o= o0 1 0 The value ofC, as given in (12), is:
=—0 0 1 1 0 n— n—
C o1 C=((-2>""+2"Nab) ., - K (17)
Q= o111 where
Thus @' = 7, which can be verified to be tru€’ = ({9 x ot ond
10>17+9+10>17:7_ K=2 -2 =01...10...0. (18)
n n—1
D. RNSto binary conversion Let the (n + 1) bit expression oft5 is given by:

Consider the well-known 3-moduli sétn; = 2", mq = b , , 19
2™ — 1, mg = 2" + 1} which has a dynamic range approxi- T3 = T3p T3 n—1T3,n—2 T30 (19)
mately equal to3n bits. Wang, Jullien and Miller [18] show n
that the decoded binary number is obtained as or

X=Y 2"+, (8) zy =2"x,, + X5, (20)
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Therefore, parametef’ given in (17) can be evaluated asRNS numberX = (12,3,9) into its corresponding weighted
follows: Substituting (20) into (17) and applying the abovedinary representation, we have

mentioned property, it follows that 2y =12 1100
2n—1 n—1 / ro =3 0011
(=27 42" X8) 00, zh=9-1=8 | 01000
!/ / !/
=(— (500...02%5,_...25,) Based on (14), (16) and (23Y, can be computed as
~————
" n—1 A= 0011 1111
/ / B= 1001 1001
+0a%, q...2500...0),, oz 1100 0011+
n n—1 Sum vector = 0110 0101 S2n_182n_2...50
:<(T§,,o 'r/3,n—1 . -l’é,o Té,n—l B Tl31) (22) Carry vector -l:m 0011 0111 CanC2n—1 ... C1
n n—1 [0 T00T 1100
+01...10...0),,. , cout =0+
T\n‘: Correct Resulty = 1001 1100
<(x§ 0 :c3 e A xg N I/&l) + K>22n_1 Finally, based on t_he equation (8), the final weighted binary
number, X, can be simply calculated as
n n—1
and X =Y 2% 2, = 1001 1100 1100 = 2508.

<(_22n71 +2n71)2nx/3n>

gan_y =03, .. a5, 0...0. (22) Thus, X = 2508, which can be verified to be true.
—_—— T

n n—1

Adding (21), (22) and subtracting (18), it is obtained HIl. A RCHITECTURE OF THEFILTER
2 0.0 Difference equations for each channel of FIR filter, imple-
3n I

C =l g@h 1 T oTspq---Tyq)+0m5, ... .
' ) ’ ’ ) mented as RNS, can be defined as:

n n—1 n n-l N
-1
=l Torn—1 -+ Tor0 Ta 1+ Ty 1, y(n) = (D2 (igai(n = i)m, ) for j=1,2,3 (24)
; mj
n n—1 =0
(23)

where z;(n) and y;(n) are the residue representations of
the input and the output signals of the filter modulo;,
respectively, and; ;, ¢ = 0,1,2,...,N — 1 are the filter
coefficients in RNS representation.

FIR filter can be implemented in a conventional scheme
using delay elements. The delay elements actually pass the
values delaying them by certain amount of time so that the
signal values of the previous steps are multiplied with the

the least significant bit po_sition:((). Then fast2n-bit camy”  cqrresponding coefficients. In this process, at each step, we
propagate-adder (CPA) W|th_end-around-carry (EAC), 'S us?t%ed the computation of whole function.
to perform the modulo addition of two numbers to obtain the The same FIR filter can be realized using Systolic Multiply-

final result. The architecture is shown in Fig. 5. Accumulate architecture by implementing a pipelined Direct-
20 Finm-2 Tam_1 1 ®21 Form filter [19], as depicted in Fig. 6. In this technique, the

— T
* *J‘rgo v *J%T""l vy [ computation is partitioned into smaller parcels that can be

wherex,,; = 5, Vb, for0 <i <n-—1 (v denotes a logic
OR operation). Note thats ; andzs,,, can never be 1 at the
same time.

To implement the modulo addition of thréa-bit numbers
(A, B and () efficiently, we may usén full-adders as carry-
save-adders (CSA) to convert thr2e bit numbers into two.
The carry-out from the most significant bitsf) is fed to

assigned to a series of different concurrent processing elements

Can C2n—1

oo o —| FA |« in such a way as to achieve advantage in speed.

|— FA — FA
y sl Yy S22 Yy ysoy
Cout CPA with EAC (l | .
| «<—0
Y Yy C?“’N
Y2n—1Y2n—-2 Yo

D —

y(n _1 m3

Fig. 5. The implementation of modul@®2™ — 1) addition of three2n-bit

numbersA, B andC. Fig. 6. Systolic realization of diminished-1 encoded channe} & 2™ +1)

of Nth-order nonrecursive digital filter. One processing element is dashed part
of figure.

E. An example This linear phase lowpass filter, designed by means of
Consider the moduli s€tl6, 15,17} which is a special case published program based on the Parks-McClellan algorithm, is

of the moduli sef2™,2" —1,2"+1} for n = 4. To convert the normalized so that the passband edge i Ostopband edge is
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0.5r and the minimum stopband attenuation is 32.625dB. Tk _ ¢
filter coefficients are shown in Table Il for double precisior §

(the IEEE 754 standard) and for 10-bit precision in intege § -20-
notation.

A
TABLE Il WA y
THE 31TH-ORDERFIR LOWPASS FILTER COEFFICIENTS FOR MODULI 60 ‘ A ‘ Y
8 1

SET(2™ —1,2™2" + 1}, WITHn = 6. 0 0.2 014 0.6 0.
Normalized Frequency

- - -Double precision(|
—— 9-bit precision

Attenuat
A
o
T

Coefficientsb; | Double precision | Int. | RNS number T -20
| | | bix  bia b 5

bo = bas -0.000579073207Q O / / / @ ~40p 1
b1 = bas 0.010714342391 5 5 5 4 E
by = bao 0.0056224531799 3 3 3 2 S —60F 1
bs = by —0.0121381434840 -6 58 57 58 "é \
by = b —-0.018669571515Q -10 54 53 54 8‘ _80 ‘ ‘ ‘
bs = big 0.008543442940 4 4 4 3 0 0.2 0.4 0.6 0.8 1
bs = b1s 0.0385495109566 20 20 20 19 Normalized Frequency
by = bir 0.011997227497 6 6 6 5
bs = big —0.0606997415311 -31 33 32 33 Fig. 7. Attenuation response (top) and quantization error for the coefficient
bo = bis —0.0684021145568 -35 29 28 29 rounding to 9-bit (bottom).
bio = b4 0.0782461959053 40 40 40 39
b1 = bis 0.3044489251280 156 28 30 25

biz 0.4150604524227 213 | 21 24 17 rounding error. An absolute upper bound of filter response

ym(n)| is given by equation (25)
8The RNS numbeb; ; = (b;)m, is diminshed-1 coded. [ym(r)|

23
. . . < =
Since integer values of coefficiertig andbs; are equal to [ym(n)| < max{z(n)[} ]; [bx| = 216320 (25)
zero, the filter length is reduced 8§ = 30, as it is shown in o
~ 17.72 bits.
Table I11.
Integer values in the third column in Table Il areThe moduli set{63,64,65} provides a dynamic range of

transformed from floating point value (second column) in7.99 pits, which is adequate for the most practical cases
two steps. The first step is the conversion of floating poigince the bound of 17.87 bits, given by (25), is extremely

filter coefficients b, into binary stringb using two MarLAB © pessimistic [20].

functions, Q 1=quantizer(’round’,Format) and  Figure 8 shows impulse response of the RNS channels. In

b_bi nary=nunmbi n(Q_1,b). Value of
Format  creates parameters of binary numbers:

[wordl ength, fractionl ength] for signed fixed- (51,54,47), forn =20
point mode. For 10-bit precision format these parameters are (n) = (0,0, 64) for n > 0.
wordlength=10 and fractionlength=9. o

(26)

parameter (64 63,65} proposed residue number system unit sample is

This paper investigates binary-to-residue converter forFirst two channels are normally encoded, but the third is

the modulo set{63,64,65} with diminished-1 encoded diminished-1 encoded.
2" + 1 channel. In the following example we de-

scribe the fixed point-to-residue number system conver- 2" encoded channel
sion of coefficientb;. Double precision of filter coeffi- _ 5ol ] ‘ "o T ‘ ]
cient b; is —0.012138143484039 which is converted into EH I I I [ I
binary numberb_bi nary=1111111010, then into in- 0 T ?.° TolllTlef 7.1 T eeooe
teger numberb_i nt =- 6, and finally into RNS number 0 ° 10 1o 20 2
b RNS=(58, 57, 59) . 2"-1 encoded channel

The filter generated by RNS moduli sgt™ —1,2™,2" +1} 50l ! ‘ ! > ]
with diminished-1 encoded channel, far= 6 provides the = TI T T T I T I T T T T
dynamic rangeM = 262 080. Hereby the filter can operate 0 vel, ! Tolee Peoooo
. . . . .. .. 0 5 10 15 20 25
in this range and provide better bit efficiency than existing
standard RNS based filters. Diminished-1 encoded channel

= 50 ‘ | ‘ |

A. Filter Performance ” OTH IT.?T?TTTHTI HTI

The simulation, performed in Matlab (R2010a), depicts the 0 5 10 Sampllgs 20 25

effects of this approach on the filter design.
Assume that the data sequence is quantized to 8 hif§ g. The impulse response of the RNS channefs:channel, above;

(including sign) and that filter must be implemented withow* — 1 in the middle;2™ 4 1 diminished-1 encoded channel, down.
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